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ABSTRACT
This paper is devoted to mathematical modelling of the progression
and stages of breast cancer. The âĂĲConsolidated mathematical
growth Model of primary tumor (PT) and secondary distant metas-
tases (MTS) in patients with lymph nodes MTS (Stage III)" (CoM-III)
is proposed as a new research tool. The CoM-III rests on an expo-
nential tumor growth model and consists of a system of determinate
nonlinear and linear equations. The CoM-III describes correctly pri-
mary tumor growth (parameter T) and distant metastases growth
(parameter M, parameter N). The CoM-III model and predictive
software: a) detect di�erent growth periods of primary tumor and
distant metastases in patients with lymph nodes MTS; b) make fore-
cast of the period of the distant metastases appearance in patients
with lymph nodes MTS; c) have higher average prediction accuracy
than the other tools; d) can improve forecasts on survival of breast
cancer and facilitate optimisation of diagnostic tests. The CoM-III
enables us, for the �rst time, to predict the whole natural history
of PT and secondary distant MTS growth of patients with/without
lymph nodes MTS on each stage relying only on PT sizes.
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1 INTRODUCTION
Breast Cancer (BC) is the most common cancer and also the leading
cause of cancer mortality in women worldwide. BC accounts for
about 20-25% of all cancer types in women [21].

Finding algorithms to predict the growth of tumors has piqued
the interest of researchers ever since the early days of cancer re-
search. Many studies were carried out as an attempt to obtain
reliable data on the natural history of BC growth.

Mathematical modeling can play a very important role in the
prognosis of BC. Various mathematical models were built to de-
scribe primary tumor (PT) growth and distant metastases (MTS)
growth separately [19].

These days, an exponential, Gompertz, logistic and von Berta-
lan�y models are included in a group of classical mathematical
models of PT growth [1]. For the breast data, the observed linear
dynamics were best captured by an exponential model, which is
situated for the description of PT growth and, also, for secondary
distant MTS growth [7, 8, 10–16, 18]. As for Gompertz and logistic
models, they are used rarely in order to describe PT growth or
secondary distant MTS growth [5, 9, 17, 25].

The duration of the period from the �rst BC cell to death refers
to the natural history of BC [2]. Secondary distant MTS appear in
various time in di�erent organs. The interval between removal of PT
and the �rst clinical manifestation of MTS (MTS free survival time
or non-visible period) determined by PT size, the number of a�ected
lymph nodes and MTS growth rate [3, 5, 7–10, 12–16, 18, 22, 25, 26].
Survival (lifetime) is the period between the date of diagnosis (TNM
staging system of BC) and the date of a patient death [21]. Survival
among BC patients (%) indicates the percentage of people in a study
or treatment group who are alive for a given period of time after
diagnosis. The percentage of patients who live at least 5-, 10-, 15-,
20-, 25- and 30-years after being treated PT is de�ned as 5-, 10-, 15-,
20-, 25- and 30-years observed survival rate of BC patients [9, 21].

It is important to highlight that the natural history of BC contin-
ues after removal of PT. The next stage begins with secondary dis-
tant MTS manifestation. When the MTS reach the threshold volume,
patients die from progression of BC [1, 4, 7–10, 12–16, 18, 20, 22].
All BC patients get a comprehensive treatment of PT, so the whole
natural history of BC should include the period of secondary distant
MTS growth (Fig. 1):
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1) the non-visible period of PT growth;
2) the visible period of PT growth, diagnostics and removal

of PT;
3) the non-visible period of secondary distant MTS growth;
4) the visible period of secondary distant MTS growth, diag-

nostics, treatment and patient’s death.
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Figure 1: Scheme of the whole natural history of BC (stage I-
II)[4, 7, 12, 14, 20, 22]. As it should be highlighted, the main
feature is that model describes PT growth and secondary distant
MTS growth as a whole (as indivisible dependent process).
Ordinate (Y): Diameter of tumor (mm). Abscissa (X): Time (years).

Legend of Fig. 1:
t1tmr — date of appearance of the �rst BC stem

cell;
t1tmr5mm — date of appearance of the visible PT with

size 5 mm;
tlethal1tumor — date of appearance of the lethal PT with

size 100 mm (when PT reaches the thresh-
old volume);

t1mts — date of appearance of the �rst MTS stem
cell, which coincides with the period of
20th doubling time;

t1mts5mm — date of appearance the �rst visible MTS of
breast cancer with size 5 mm;

tlethal1mts — date of appearance the �rst lethal MTS of
BC with size 100 mm (when secondary dis-
tant MTS reaches the threshold volume);

tXmts — date of appearance nXmts cell of BC MTS,
which coincides with date of surgery;

tXmts5mm — date of appearance nXmts visible BC MTS
with size 5 mm;

tlethalXmts — date of appearance nXmts lethal BC MTS
with size 100 mm;

US1 — date and sizes of the �rst US of PT;
US2 — date and sizes of the second US of PT.

Given the relation between PT and MTS, the problem of dis-
covering BC process seems to be twofold: �rstly, it is important
to describe the whole natural history of BC to understand the pro-
cess as a whole; secondly, it is necessary to predict the period of
a clinical MTS manifestation. Yet, the papers available for this do

not o�er mathematical growth models of MTS that relate to TNM
classi�cation. That leads to the demand building a mathematical
model that rests on an exponential classical mathematical model
and describes whole natural history of BC and corresponds to TNM
classi�cation. Moreover, the latter aspect of the problem is re�ected
only by statistical tools that are available as open source. In other
words, a patient provides diagnostic data to predictor, and the tool
calculates MTS free period and survival according to statistical
data. Consequently, it is necessary to create a predictor that makes
prognosis of BC for a patient independently from statistical data,
and requires no expensive diagnostic data. Thus, this research pos-
sesses a novelty since it is the �rst time the following tools for BC
have been proposed: a) whole natural history of BC; b) mathematical
growth model corresponding to TNM; c) non statistical software
tool for prediction of BC developing.

To avoid terminological ambiguities, we dwell upon recalling
some standard terms and TNM staging system of BC (Table 1) [21].

Table 1: TNM staging system

Stage Parameter T Parameter N Parameter M

I T1 N0 M0
II T1, T2 N0, N1 M0
III T1, T2, T3, T4 N1, N2, N3 M0
IV any T any N M1

Legend of Table 1:
parameter T — size of PT: T1 = 0.1 d ≤ 2 cm; T2 = 2 d ≤ 5

cm; T3 = d > 5 cm; T4 = spread;
parameter N — the number of a�ected lymph nodes: N0: n

= 0; N1: n = 1-3; N2: n = 4-9; N3: n = 10-18;
parameter M — existence of distant MTS (lungs, bones,

liver, etc): M0 = MTS not exist; M1 = MTS
exist.

The goal of the research is to improve the prediction accuracy
of BC process using the original Consolidated mathematical growth
Model of primary tumor and secondary MTS of patients with lymph
nodes MTS (CoM-III). To make precise the scope of the study it is
necessary to ful�l several tasks:

(1) modelling the whole natural history of PT and MTS for
stage III;

(2) developing the adequate and precise CoM-III that re�ects
relations between PT and secondary MTS of patients with
lymph nodes MTS;

(3) analysing the CoM-III scope of applications;
(4) implementing the model as a software tool.

Practical value. As it turns out, a new software tool for pre-
diction of BC developing can calculate more accurately: a) MTS
free period; b) survival for stage III of BC including PT and sec-
ondary MTS of patients with lymph nodes MTS. Moreover, the
predictor can estimate a quality of treatment which was prescribed
to a patient. Summarising: the CoM-III describes correctly PT and
secondary distant MTS growth of T1N1M0, T2N1M0, T1-2N2M0,
T3N1-2M0, T4N1-2M0, T1-4N3M0 [T1-4N1-3M0] stages in patients
with lymph nodes MTS (N1-3).

Session: Modeling Disease DH’17, July 2-5, 2017, London, United Kingdom

61



2 MATERIALS AND METHODS
Consolidated mathematical growth model of PT
and secondary MTS, I-II stages (CoMPaS)
In 2015 we proposed a consolidated mathematical growth model
of PT and secondary MTS (CoMPaS) that describes correctly PT
growth (parameter T) as well as secondary MTS growth (parameter
M), corresponds to TMN [23]. Also, the CoMPaS might facilitate
the survival (lifetime) and, as a consequence, make predictions of a
future metastatic manifestation after removal of PT.

It is important to de�ne several admissions, where rows 1-3 rests
on [1, 7, 8, 10–15, 18, 20, 22, 24]:

1) an exponential growth model is used widely for description
natural growth rate of the primary BC;

2) the natural rate of secondary distant MTS is the same as
natural growth rate of the primary BC;

3) the period of appearance of the �rst metastatic cell of sec-
ondary distant MTS coincides with the 20th doubling of the
primary BC. It allows us to de�ne the non-visible growth
period of MTS and the initial period of non-visible MTS
manifestation;

4) the whole nature history of the PT and secondary distant
MTS is 60 doublings (Fig 2).
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Figure 2: The �rst MTS cell appears on the 20th doubling of PT

Legend of Fig. 2:
red points correspond to PT growth;
blue points correspond to distant MTS growth;
the non-visible period of MTS growth starts with a removal of

PT;
red horizontal block indicates a minimal size of tumor that can

be diagnosed [1mm; 5mm];
growth rate is equal as for PT as for MTS (CoMPaS for

Stages I-II);
three vertical lines on the left side of the Fig. 2 show the num-

ber of cells in tumor with corresponding
diameter;

60th doubling means the death of a patient;
t ime
−−−−→ illustrates a mean survival at corresponded

doubling.
The CoMPaS rests on an exponential growth model and consisted

of nonlinear and linear determined equations [1, 3, 5, 7, 8, 10–16,
18, 20, 22, 24, 26]:




dV

dt
=

log 2
DT

V , t ≤ DT log2

(
θ DT

loд2
V0

)
;

dV

dt
= θ log V , t > DT log2

(
θ DT

loд2
V0

)
;

V (t = 0) = V0
Survival = PTlog(V ) + Nonvisloд +Visloд = 60;

TVDTnon = TVDTvis =
NonVisdays +Visdays

NonVisloд +Visloд
;

log 2
DT — the fraction of proliferative cells times;
θ — drives the linear phase;
pTlog(V ) — the number of PT doublings;
Nonvisloд — the number of doublings for non-visible

growth period of MTS;
Visloд — the number of doublings for visible

growth period of MTS;
TVDT — tumor volume doubling time;
60 doublings — the whole nature growth history of the PT

and secondary distant MTS.

According to M. Schwartz (1961): "the doubling time (DT ), repre-
senting the time for 1 cell (or of the tumor as a whole if each cell has
the same doubling time) to double in volume, and it is equivalent
to the interval between successive mitoses" [20]:

DT =
log 2 (t1 − t0)

logV1 − logV0
,

DT — the period of doubling time;
V1 — tumor volume at time t of the pre-surgery

measurement;
V0 — tumor volume at time of the �rst measure-

ment;
t1 − t0 — the period between the �rst and pre-

surgery measurements (days).

3 RESULTS
Consolidated mathematical growth model of PT
and secondary MTS of patients with lymph
nodes MTS, III stage (CoM-III)
Stage III (T1-4N1-3M0) means that lymph nodes MTS (N1-3) exist
meanwhile PT (T1-4) is growing [6, 21]. Moreover, patients with
lymph nodes MTS have lower survival comparing with patients
without lymph nodes MTS. Unfortunately, the papers available for
this do not o�er mathematical growth models of stage III of BC that
cover growth process of PT and secondary MTS in patients with
lymph nodes MTS.

We propose a new mathematical growth model for PT and sec-
ondary MTS in patients with lymph nodes MTS. The model may
help to improve predicting accuracy of BC process using an orig-
inal mathematical model referred to CoM-III and corresponding
software. Consequently, we are interested in:
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1) modelling the whole natural history of PT and secondary
MTS in patients with lymph nodes MTS;

2) developing adequate and precise CoM-III that re�ects rela-
tions between PT and MTS;

3) analysing the CoM-III scope of application; 4) implement-
ing the model as a software tool.

The period of appearance of the �rst metastatic cell coincides
with 20th doubling of PT. At stage III the period of MTS manifesta-
tion depends on the number of lymph nodes MTS.

The CoM-III rests upon CoMPaS, and by complementing formu-
las::




sMtslog(V ) (N+) = pTlog(V ) − 20;

KsMts (N+) =
20

sMtslog(V ) (N+) × 18 × n
+ 1;

TVDTsMts (N+) =
TVDTpT

KsMts (N+)
;

sMtslog(V ) (N+) — the number of doublings of secondary
MTS in patients with lymph nodes MTS;

pTlog(V ) — the number of doublings of PT;
20 — the number of doublings of PT that co-

incides with the appearance of the �rst
metastatic cell;

KsMts (N+) — correcting coe�cient of secondary MTS of
patients with lymph nodes MTS relating
with PT growth rate;

n — the number of a�ected lymph nodes (min
= 0, max = 18);

TVDTsMts (N+) — tumor volume doubling time of secondary
MTS of patients with lymph nodes MTS
relating with tumor volume doubling time
of the PT (TVDTpT ).

It allows us to calculate di�erent growth periods of PT and sec-
ondary MTS of patients with lymph nodes MTS:

1) non-visible period for PT;
2) non-visible period for secondary MTS of patients with

lymph nodes MTS;
3) visible period for secondary MTS of patients with lymph

nodes MTS.

Predictor CoM-III
At this stage, it is relevant to shed light on predictor speci�cations.
We implement the CoM-III as a software tool. The application is
build using Swift and referred as CoMPaS. The CoMPaS is available
for iOS devices (iOS 9+).

INPUT DATA:
• the �rst ultrasound diagnostic data:

– date
– diameter (mm)

• the second ultrasound diagnostic data:
– date
– diameter (mm)

• the number of a�ected lymph nodes (n)

OUTPUT DATA:
• forecast:

– the number of months
– category of forecast:

∗ favorable
∗ mid-favorable
∗ unfavorable

To �esh this out, the Fig.3 provides a clinical example for a patient
with seven a�ected lymph nodes.

Date	1:	04/02/2015
US	1:	

Diameter	of	PT:	6
Date	2:	04/08/2015
US	2:	

Diameter	of	PT:	8
Number	of	lymph	nodes:	7	 Forecast:	favorable

Figure 3: Clinical example

Under such circumstances, it is necessary to collect predictions
in one database to compare forecasts with real data and estimate ef-
fectiveness of proposed model. Consequently, the CoMPaS connects
to database that allows us to test application and model.

As it turns out, the new predictive tool: 1) is a solid foundation
to develop future studies of BC models; 2) does not require any ex-
pensive diagnostic tests; 3) is the �rst predictor that makes forecast
using only current patient data, whilst the others are based on the
additional statistical data.

Calculations of whole natural history resting on
CoM-III
Given all above, it is relevant to dwell upon building the whole
natural history of BC stage III. Provided formulas allow calculating:

• the number of doublings for secondary MTS relying only
on two measurements of PT sizes;

• the correcting coe�cient of secondary MTS spreading rate
in patients with lymph nodes MTS relating with PT growth
rate;

• doubling time of secondary MTS.
Data of a mean diameter of PT for each stage (T1, T2, T3, T4)

is obtained from table 1 of paper J. Engel et al. [6]. The number of
a�ected lymph nodes corresponds to TNM staging system of BC
[21]. The variety of doubling time of PT (T1, T2, T3, T4) relying on
PT sizes is calculated from �g 6 of paper D. Holzel et al. [9]. Table
2 shows results of calculations via CoM-III.
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Table 2: T1-3N0-3M0

T1a (mm) T1b (mm) T1c (mm) T2 (mm) T3-4 (mm)
1 < d ≤ 5 5 < d ≤ 10 10 < d ≤ 20 20 < d ≤ 50 d > 50

1 Mean size of PT at surgery 4.5 8.5 15.1 28.5 64.6 [6]
2 pTlog 26.4 29.2 31.7 34.4 38.0
3 TVDTpT 80.0 75.0 70.0 65.0 60.0 [9]
4 Mean KsMts (N−) (N0, n=0) 1.00 1.00 1.00 1.00 1.00
5 TVDTsMts (N−) (N0, n=0) 80.0 75.0 70.0 65.0 60.0 [23]
6 Mean KsMts (N+) (N1, nmean=2) 1.23 1.16 1.12 1.09 1.05
7 TVDTsMts (N+) (N1, nmean=2) 65.09 64.44 62.37 59.77 56.90 [23]
8 Mean KsMts (N+) (N2, nmean=6) 1.69 1.49 1.37 1.26 1.16
9 TVDTsMts (N+) (N2, nmean=6) 47.42 50.28 51.21 51.48 51.56 [23]
10 Mean KsMts (N+) (N3, nmean=14) 2.60 2.15 1.86 1.61 1.38
11 TVDTsMts (N+) (N3, nmean=14) 30.74 34.93 37.71 40.30 43.42 [23]

Legend of Table 2:
• TNM parameters depend on PT size: T1, T2, T3, T4, N1,

N2, N3, M0 [21] (see detailed description on Fig. 5 - Fig. 9);
• row 1 uses data of the mean sizes of PT at surgery from

tables of paper [6];
• row 2 is calculated from row 1;
• row 3 uses data from �gure of paper [9];
• nmean is the mean number of lymph nodes whereas:

– N1 means that the number of lymph nodes can equal
any integer number from compact [1; 3];

– N2 means that the number of lymph nodes can equal
any integer number from compact [4; 9];

– N3 means that the number of lymph nodes can equal
any integer number from compact [10; 18];

– N1-3 means that the number of lymph nodes can equal
any integer number from compact [1; 18].

• KsMts (N−) means no MTS in lymph nodes (N0, nmean=0);
• the variety of KsMts (N+) is calculated for N1-3;
• the variety of TVDTsMts (N+) is calculated for N1-3.
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red points correspond to PT growth;
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Figure 9: T1cN0-3M0.Whole natural history of PT and secondary MTS
of patients with lymph nodes MTS according to CoM-III. Parameter T (T1c:
10mm < d ≤ 20mm) - diameter of PT. Parameter N (N0: n=0; N1: n=1-3; N2:
n=4-9, N3: n=10-18) - a�ected lymph nodes.

4 CONCLUSION
The CoM-III model and predictive software: a) detect di�erent
growth periods of PT and secondary distant MTS growth in patients
with lymph nodes MTS; b) make forecast of the period of secondary
distant MTS appearance in patients with lymph nodes MTS; c) have
higher average prediction accuracy than the other tools; d) can
improve forecasts on survival of BC and facilitate optimisation
of diagnostic tests. The following are calculated by CoM-III: the
number of doublings for non-visible and visible growth periods
of secondary distant MTS; tumor volume doubling time (days) for
non-visible and visible growth periods of secondary distant MTS.
The original CoM-III enables us, for the �rst time, to predict the
whole natural history of PT and secondary distant MTS growth
on each stage (T1, T2, T3, T4) for patients with/without lymph
nodes MTS relying only on PT sizes. Summarising: CoM-III a) de-
scribes correctly PT and secondary distant MTS growth of T1N1M0,
T2N1M0, T1-2N2M0, T3N1-2M0, T4N1-2M0, T1-4N3M0 [T1-4N1-
3M0] stages in patients with lymph nodes MTS (N1-3); b) facilitates
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Figure 10: T2N0-3M0.Whole natural history of PT and secondary MTS
of patients with lymph nodes MTS according to CoM-III. Parameter T (T2:
20mm < d ≤ 50mm) - diameter of PT. Parameter N (N0: n=0; N1: n=1-3; N2:
n=4-9, N3: n=10-18) - a�ected lymph nodes.
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Figure 11: T3N0-3M0.Whole natural history of PT and secondary MTS
of patients with lymph nodes MTS according to CoM-III. Parameter T (T3:
d > 50mm) - diameter of PT. Parameter N (N0: n=0; N1: n=1-3; N2: n=4-9,
N3: n=10-18) - a�ected lymph nodes.

the understanding of the appearance period and inception of sec-
ondary distant MTS.

Work still to be done: 1. To test the CoM-III on clinical data. 2. To
analyse forecasts statistically. 3. To implement CoM-III to medical
practice.
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